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Evaluation

evaluation in general regression

target value quadratic loss RMSE cross-validation

fit models / calculate error compute error use model selection
compute results (with loss function) measure (average) procedure

Which values to absolute and quadratic RMSE, MAE, MAPE, last block validation,

predict? losses of errors, MDAPE, sMAPE, (cross-validation without
Using which values? percentage errors, MDRAE, GMRAE, dependencies, ...)
(one-step-ahead, relative errors, MASE, RELMAE, ...

one-to-24-step-ahead, ...)  scaled errors, ...

traditional time series forecast evaluation



Data Partitioning and Model
Training



Training and test set splitting

Training and test split:

Out of sample evaluation

Fixed and rolling origin evaluation:

Fixed origin Rolling origin
e 1-step-ahead 1-step-ahead
EHE- - 2-step-ahead 1-step-ahead
e - 3-step-ahead 1-step-ahead
e - 4-step-ahead 1-step-ahead
HE = 5-step-ahead 1-step-ahead
e - 6-step-ahead 1-step-ahead
EHE- - 7-step-ahead 1-step-ahead
HE = 8-step-ahead = 1-step-ahead
HE = 9-step-ahead HE- 1-step-ahead
- - - - 10-step-ahead - 1-step-ahead
e #— 11-step-ahead #-EEE—- 1-step-ahead
EHE- # 12-step-ahead 1-step-ahead




Fixed and rolling origin evaluation are very different

Example: Naive forecast
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Which one is best?
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Fixed origin evaluation

Easier to implement than rolling origin

Forecasting competitions mostly operate like this, as test
set cannot be disclosed

Drawback: Not usually how we operate in practice
(forecasts every week, every 5 minutes, ...)

Only one forecast can be evaluated per horizon

Often difficult to capture the full picture: Summer
holidays, Christmas, etc.
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Rolling origin evaluation / Time series cross-

validation

= Rolling origin eval is also called time series cross-validation (TSCV)

= Can take single or larger steps (leave-one-out versus k-fold TSCV)

= Can be difficult to implement with some of the traditional methods,
as they would usually be re-trained for every forecast

= Much more natural with ML methods, where it is normal to have
new data and not re-train the model

= With ML models, you would usually take single steps, not retraining
for a number of steps (“fold"), and retrain for a number of folds

= Even more important in a global model if all the series are in sync
regarding their timestamps.

= In a competition dataset like the M3 or M4, the series are not
aligned and already mixed together wildly, so it is less important.

= Beware of leakage from training to test set!
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Data leakage

= Not trivial to avoid in forecasting

= Rolling origin: data travels from test to training set

» Hard to completely separate training from evaluation
code base
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Data leakage (2)

= Usually in ML: Don’t normalize (calculate mean, variance) before

splitting into training and test set

= In forecasting also problematic:

Normalization

Any form of smoothing or decomposition
Seasonal decomposition: STL, etc.
Feature extraction

Empirical mode decomposition

13



Rolling origin evaluation (cont’d)

Expanding window Fixed window

Il

» Expanding window better if less data available, as training
set grows (Bell and Smyl, 2018)
= Also can combine the two: start with expanding window,

then move to fixed window »



Cross-validation

= We have seen TSCV
= Why not just do a normal cross-validation?

Out of sample evaluation

5-fold cross-validation



Cross-validation (cont’d)

» Problems of serial correlation between the data

= Problems of non-stationarities

» Using data from the future to predict the past doesn’t
feel right

— fear that CV will grossly underestimate the generalisation
error

= Most traditional methods (ETS, ARIMA) and also RNNs
cannot deal well with missing data (that is reserved for
testing)
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Cross-validation (cont’d)

5-fold blocked cross-validation

5-fold non-dep. cross-validation

= Works in the literature to address problems of serial
correlation: non-dependent cross-validation or blocked
cross-validation (Burman et al., 1994; Racine, 2000;
Bergmeir and Benitez, 2012)

» But general problems of non-stationarity remain
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Pure AR models and Cross-validation
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Pure AR models and Cross-validation (cont’d)

» Theoretical prove that cross-validation performs well in a
purely autoregressive setup, as long as models nest or
approximate the true model, as then errors are
uncorrelated (Bergmeir et al., 2018)

= As seen before, many Machine Learning methods work
like this

» Cross-validation can and should be used without
modification to detect overfitting then.

» Underfitting can be detected separately, e.g., by a test for
serial correlation.

» Implemented in the CVar function in the forecast
package in R (Hyndman and Khandakar, 2008)
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Model diagnostics: Ljung-Box test for serial correla-

tion

= Ljung and Box (1978)
= Detects serial correlation in the residuals, which means
the model is underfitting

— Look at the residuals that you are getting. Is there
autocorrelation in there? Are there any seasonal patterns in
there?

— If yes, model is still not using all the information available
in the data
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Errors and error measures
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Errors and error measures

= Overviews by Hyndman and Koehler (2006) and
Hewamalage et al. (2023)

= Still controversial, no solution that always works

= Still papers that come up with their own ad-hoc measure

= Measures often misused
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Back to the basics: Measuring variance, bias
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Measuring variance, bias (2)

» Bias and variance have different consequences for a
business (to always underpredict may lead to having
always stockouts)

= Bias can be measured with the mean error:

1Z .
ME = *Z(Yt _)’t)

N

» If ME > 0, model underpredicts on average, it is
negatively biased

» |If ME < 0, model overpredicts on average, it is positively
biased

= Thus, bias is —ME
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Measuring variance, bias (3)

= \We can measure the variance as:

1 n
Sample Variance = P— Z ((ve = 31) — mean(y, — }A/t))2
Tt =1

= |f we assume the true population mean is zero (there is
no bias):

1
Error Std Dev = J E > o (ye— )A/t)z
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Scale-dependent errors and error measures

Scale-dependent errors: squared error (SE), absolute error (AE):
SEe = (ye — )7t)2
AE: = |y: — Vil

Corresponding error measures, e.g., RMSE and MAE:

1 n
RMSE = | - > (ye = 9r)?
t=1

1< .
t=1
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» MSE is equal to Bias?4Var, so if model is unbiased,
RMSE and standard dev of the error are the same

= is minimised by predicting the mean of the forecast
distribution

= penalises large errors more heavily

= minimising RMSE leads to (mean-)unbiased forecasts
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sometimes also called mean absolute deviation (MAD)

is minimised by predicting the median of the forecast
distribution

more robust to outliers and large errors

minimising MAE can lead to (mean-)biased forecasts if
forecast distribution is skewed

for series with small integer values, minimising MAE will
lead to predictions that are small integers (as median of
forecast distribution is an integer)

for intermittent series, minimising MAE can lead to
predicting only zeros, and heavily biased forecasts towards
underprediction, as median of the forecast distribution is

ZEro.
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Scale-dependent error measures: RMSE and MAE

= Advantages: Are on the same scale as the data, are
interpretable

= Problem: If series are on very different scales, some series
can dominate the evaluation

= We need a scale-free measure.

= We need to divide by “something”

= After 30 years of research in forecasting, we have still not
found this “something” in a way that it works under any
possible non-stationarity and series characteristics.

» There are over 40 error measures proposed in the
literature that we are aware of (sSMAPE, MASE, etc.)
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Problems: Non-stationarity, Non-normality
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Percentage Errors (PE)

— Ve
Yt

—y 1
PE, — 100 XY MAPE = 13 |100 X1

Yt n'=

= Problem: Cannot be used if y; is zero and is distorted
when y; is small. Was originally used for inventory count
data.

» Is also not symmetric: exchanging the prediction and the
true value changes the result

= Is minimised by the “(-1)-median” of the forecast
distribution
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Different measures are minimal under different sum-

mary statistics of the forecast distribution

& | —— Min. expected MSE
——  Min. expected MAE
—— Min. expected MAPE

T T T T
o 50 100 150

(also see Kolassa (2020)) 32



50% of error can have very different consequences

MAPE tends to focus more on the series with small values as
they tend to have large errors
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Solution: symmetric MAPE (sMAPE)

Ve — Ve

1 1
SMAPE — 23" |100 22— Y| _ 5901 ‘
n | + 1

\y \+\y\
=1 n =

= Achieves symmetry from before, but breaks another symmetry:
overprediction is penalised less than underprediction (as dividing by
the prediction)

= Still has problems with zeros; if both actual and prediction are zero,
it is not defined

= |f there is a zero in the data and we don't predict an exact zero, the
sMAPE is maximal.

= This has large implications for intermittent data: If you use SMAPE
to evaluate intermittent forecasts, your main concern will be to
predict zeros as exact zeros.

= Big advantage: sSsMAPE is bounded by 200, will never go higher.
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modified sMAPE (Suilin, 2017)

Ye— Y
max(|y:| + |Ve| + €,0.5+¢€)

msMAPE = 2001 >

n =i

With a default of e = 0.1

= ad-hoc solution for problems with zeros and small values

= will make the evaluation skewed and is not minimised by
any meaningful summary statistic of the forecast
distribution
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Mean Arctangent Abs. Percentage Error (MAAPE)

= Proposed by Kim and Kim (2016)
= Authors argue it is as interpretable as MAPE

— Ve

MAAPE = 1 Z arctan (
Y

ni

= Advantage: It is 7/2 instead of 0o, when y; is zero

= Has the same problem as sMAPE that if y; is zero, it
always is maximal, no matter what ¥, is

» Therefore, not good for intermittent data
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Relative errors and error measures

Use a benchmark method B (usually the naive forecast)

Relative Errors:

— 1
RE, = Yt )/t’ MRAE:—Z Ye— e Ve
- —1 |Vt — YtB

— Same problems as before, if true values are zero and

predictions from the benchmarks are zero, etc.

Relative Error Measures:

RelMAE = MAE

MAEg’
Only has benefits if we are evaluating many predictions on the

same scale. If series on different scales and only one forecast
per series, it has the same problems as before.
37



Calculating error measures per series and across se-

ries

» Three dimensions along which we can potentially average:
= horizons
= rolling origins
= different time series
» Each dimension can collapse: only one horizon, only one
origin, only one time series

= this can cause problems with divisions by zero, small
numbers, and others
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Calculating error measures per series and across se-

ries (2)

= We want to aggregate and divide by a normalising factor

= If we divide first, we have problems with division by zero
and numerical instability

» If we aggregate first, we need to make sure that what we
aggregate is on the same scale

= That usually means we don’t want to aggregate from
different series before normalising.

= Already within a single series there can be problems (see
the WAPE)
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Calculating error measures per series and across se-

ries (3)
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Weighted (Mean) Absolute Percentage Error

(WAPE)

WAPE = Z::lnb/f - j\/t|
D1 |yel

= Belt (2017) and Kolassa and Schiitz (2007) argue for this measure

to be used in demand forecasting
= Called “weighted” as MAE can be seen as a weighted (scaled)

version of MAPE
= WAPE is also called MAD/mean ratio (if all actuals are

non-negative)
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Squared and bias error measures

Weighted Bias Percentage Error (WBPE):

Z?:l ()A/t - )’t)

t=1 Yt

WBPE =

Weighted Root Mean Squared Percentage Error (WRMSPE):

WRMSPE = V2t O =5
1 |yel

As discussed before, WRMSPE measures for an unbiased
model the standard deviation
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Squared and bias error measures (2)

= In retail /e-commerce, it is beneficial to monitor both bias
and overall error.
= If one overall number needs to be measured, practitioners

have proposed to use WAPE-+WBPE
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Calculating WAPE/WRMSPE per series and across

series

= In the WAPE, we divide by > 7 | |y¢|
= This sum can run over each series individually or over all series
= Running over all series:
= |t is now an MAE (i.e., a scaled measure) globally scaled to
be a percentage
= Essentially same as MAE, but slightly more interpretable
= As in MAE, series with higher values get more importance in
the error
= Running per series:
= Scale-free
= Only works if we have more than one forecast, otherwise same
as MAPE
= If the whole test set is zero, we divide by zero
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Advantages and disadvantages of WAPE/WRMSPE

Advantages:

= Only divides by zero if whole test set is zero
= Minimised by the median of the forecast distribution
» Interpretable as a percentage

Disadvantages:

= Only consistent estimator when series is stationary
(Hyndman, 2025)

= Can be seen as ReIMAE where benchmark method is a
constant zero: works well if a constant zero is a
reasonable benchmark
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Mean Absolute Scaled Error (MASE)

» Proposed by Hyndman and Koehler (2006)
= Defined as the MAE divided by the MAE of the (seasonal)
naive forecast over the training part of the time series.

Z?:l ’)A’t - Yt’
#5 ET=5+1 |V — Yi—s|

MASE =

= RMSSE: Equivalent with squared errors
= Used in the M5 competition

Znt:l(j\/t - Yt)2
e Do (Vk — Yhes)?

RMSSE = \l
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MASE and RMSSE: Advantages

Resolve many problems that other measures have:

= are minimised by the mean/median of the forecast
distribution
= are scale-free
= hardly any problems with zeros or intermittency
= cope well with many types of non-stationarity
= remainder of the benchmark needs to be stationary for
estimator to be consistent
= when using naive: series needs to be difference stationary
= Interpretation: If MASE < 1, forecast is on average
better than naive
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MASE and RMSSE: Problems

= As with other measures, MASE/RMSSE depend on how meaningful
the chosen benchmark is

= The naive forecast works a lot better on certain (smooth) series
than on others.

= Different benchmarks in use (naive, seasonal naive, could also use
more complex methods like ARIMA, SES, etc.)

= Difficult to choose benchmark with fixed origin forecasting: many
different horizons are in use

= Series can have significant changes between training and test set

— In practice often difficult to interpret

— High or low MASE is not necessarily equivalent with good or bad
(absolute) performance.
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Examples for problems with MASE/RMSSE
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Should you use MASE or RMSSE?

= Why did the original authors propose MASE and not
RMSSE?

= Original paper proposed MASE to stay close to MAPE
so that people would switch

= |dea was that MASE was easier to understand and more
likely to be adopted

= No big difference between MASE and RMSSE for
classical models that assume Gaussian errors

» RMSSE adequate in many more situations than MASE
(equivalent to a discussion RMSE vs MAE)
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Error measures: Summary

Structural Breaks

Scaling Error Measures | M P | gonsonality frend U | Heteroscedasticity | (With Seale Differences) | Intermittence | Outliers
(>>0) (Lincar/Exp.) | Roots
/ Forecast | Training | Forecast
Horizon | Region | Origin
v v / v X
None - Z 7
v X / X X
00s X v v X X
Per Step 7 7 7 X 7
Actual 00s X X X v X X
Values Per Series X X X / i X
Ta-Sample X X X %
Per Series X X X X
oc 7 7 7
All Series | NRMSE v v v v X
MRAE pal x x
008 MdRAE Il X X v
Per Step | GMRAE X X v
Benchmark RMRSE vl X X v /T
o 008 Relative Measures X x v st y
Per Series
In-Sample | MASE /T / X X v
Per Serics | RASSE 77 X X X
Tu-Sample o ; ; B ;
All Series " ” ’ 3 - ’ ” " ”
None Transformations v v /T v v v v v v %

Table 1: Checklist for Selecting Error Measures
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Error measures: Summary (2)

= To get a scale-free measure, we need to divide by a
normalising factor
= Due to the potential non-stationarity and non-normality
(e.g. intermittency) of the series, it has turned out to be
extremely difficult to do this in a way that always works
= Today, the RMSSE and MASE are standard error
measures, e.g., in the recent M5 competition
= but have problems with structural breaks between
training and test set
= may not be interpretable, especially with long horizons /
fixed origins
» It depends on the characteristics of your data which

measure will be adequate
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Error measures: Recommendations

= If you currently use the MAPE or sMAPE, switch to
something else

Do not invent your own measure, it will be more difficult
than you think

Some people (S. Kolassa) argue against using multiple
measures

Different measures are minimised by different summary
statistics over the forecast distribution

My take: choose a primary metric (RMSSE) that
coincides with your loss function (L2)

And then using the others for sanity-checking seems
reasonable
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Error measures: Recommendations (2)

» When building a global model, often the series have
meaningful scales (SKUs, dollars, ...)

= |f you don’t need a scale-free measure, better stick to
MAE, RMSE
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Error measures: Recommendations (3)

If you need a scale-free measure:

= if you will benchmark different methods broadly to
conclude which one is best and you don't need
interpretability
= this is the standard scenario for scientific papers about
forecasting methodology
= use RMSSE
= use MASE only if there are reasons to elicit the median
of the forecasting distribution, and if all your compared
methods use this loss
= if you evaluate over a mix of methods, some trained
with L1 loss, some with L2 (or similar): report both
MASE and RMSSE
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Error measures: Recommendations (4)

If you need a scale-free measure and interpretability:

= use WAPE, WRMSPE, WBPE; proceed with caution

= WAPE, WRMSPE, WBPE could also be normalised with
a sum over the training set instead of the test set (?7)

= use RMSSE/MASE but with the denominator running
over the test set if horizons are long, and with the same
(fixed-origin) setup for your benchmark method (77)
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Probabilistic forecasting
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Probabilistic forecasting

Main ways for probabilistic forecasting:

= use analytical prediction intervals

= bootstrapping

» using a Bayesian model (MCMC sampling)

» forecast the parameters of a distribution

= use quantile regression (pinball loss)

= determine uncertainty empirically through backtesting
(conformal prediction)

= specialised approaches, e.g., levelset approach (Hasson
et al., 2021)

(see also the review by Kneib et al. (2023))
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Use analytical prediction intervals

= Possible for some (well-understood) models

» Usually assume normally-distributed errors

= ETS, ARIMA do this (see Hyndman and Athanasopoulos
(2018))

= intervals tend to be too narrow (Bermudez et al., 2010)

Forecasts from ETS(M,Ad,M)

1950 1952 1954 1956 1958 1960 1962

100 200 300 400 500 600 700 800
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Simulation and bootstrapping

= slow

= intervals can also be too narrow if, e.g., they only
consider parameter uncertainty

= either need to bootstrap residuals (from an additional
validation set) or assume a distribution

= then simulate forecasting paths by feeding the
generated /bootstrapped values back into the model

= see Hyndman and Athanasopoulos (2018), Section
“Neural Networks"
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MCMC sampling

= needs to be a Bayesian model

= Examples: LGT (Smyl et al., 2025, Long et al. (2025)),
Orbit (Ng et al., 2020), Bayesian ETS (Bermudez et al.,
2010)

= slow
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Determine uncertainty empirically through backtest-

= Also called conformal prediction, where it has some
theory behind it

= often used by companies in practice

» leads to more realistic prediction intervals

= potentially needs a lot of past data and rolling origin
forecasts (large validation sets)

— combine with cross-validation and bootstrapping schemes
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Forecast the parameters of a distribution

= e.g., assuming a normal distribution: u, o

= DeepAR (Salinas et al., 2019): Normal distribution and
negative binomial distribution

= NGBoost (Duan et al., 2020)

= GAMLSS (R. A. Rigby and D. M. Stasinopoulos, 2005,
Ziel (2022)), LightGBMLSS (Maerz, 2025)

= Have to assume a certain distribution

» Good if we have limited amounts of data, or knowledge of
the distribution
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Quantile regression (pinball loss)

= implemented in, e.g., MQ-RNN (Wen et al., 2017),
LightGBM

= no distribution assumptions need to be made; therewith
better if a lot of data are available

» fast to compute and easy to implement

= only certain quantiles can be obtained, not the full
distribution

= in practice, often 5 or 7 quantiles are enough anyway

= with, e.g., a Neural Network, we can fit different quantiles
at the same time, by having multiple outputs

= can interpolate between quantiles to get full distribution
(Gasthaus et al., 2019)
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Pinball loss function

Loy, ") = (y — ai)u if y > gt
= (¢! =y —u) ifql>y
y is the true value
u is the target quantile, for example: u=0.9
[u]

g: ' is the quantile forecast for target quantile u

It can be proved that minimizing the pinball loss results in the
most accurate quantile
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Pinball loss (2)

Pinball loss

Forecast
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Evaluation of probabilistic forecasts

Simple hit/miss rule

= can be used to evaluate forecasting interval

= directly interpretable (e.g., “80% of forecasts are within
the interval)

= doesn’t consider the magnitude of the error

= Problem: trivial solutions are possible by grossly over-
and underpredicting certain amounts of times
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Mean Scaled Interval Score (MSIS)

n+h
tin-ﬁ-l (qgu] M a(qy] }/t)]ly <q! + (y q[tu])]lyr>q[tu]>
= Zt:m+1 |yt = Ye—ml

MSIS = %x

= used in the M4 competition (Makridakis et al., 2018)

= evaluates a prediction interval

= sum over the size of the intervals and the magnitude of error for
points that lie outside of the interval

= If model is optimised for pinball loss, it will not necessarily perform
well under MSIS (Smyl, 2020)
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Mean Scaled Interval Score (MSIS) (2)

n+h u u
el (q[t] ai + a( D=y, + (yt—q[t])ﬂy>q[1>

n—m Zt:m+1 |.yt - )/t—m|

MSIS = %x
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Scaled Pinball Loss (SPL)

n+h
1 S (ulye — gt ])Il Jiey, + (L= 0 — )L )
n—m Zt:m+1 |yt - yt—m‘

SPL[u] =

[0.9]
[0.1]

= 90th quantile forecast: u= 0.9, q;
= 10th quantile forecast: u=0.1, q;
= 1 is the indicator function

= nis the time index of the last observation in the training set
= his the forecast horizon
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Weighted Scaled Pinball Loss (WSPL)

= used in the M5 uncertainty track

= Combines, e.g., each series’ SPL[0.1] and SPL[0.9]
together by taking the average

= Then (optionally) weighs SPL by a series-specific weight.

n k
WSPL =" w; x iz SPL[ug]
=1

i=1

= k represents the number of quantiles

= We can set w; to % for all n time series to weight them
equally

= Lower WSPL scores indicate more precise forecasts
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Evaluation of full forecast distributions: CRPS

= Overviews by Gneiting and Raftery (2007);Jordan et al.
(2017)
= Continuous Ranked Probability Score (CRPS)

e .9]

CRPS(Fy) = [ (F¥) - Ley) o

—00

= yis the observed value, F(x) is the predicted CDF
= integrates over all quantiles
= generalises the MAE to the probabilistic case
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And there are more measures...

= |ogarithmic score

= energy score

= variogram score

= for multivariate forecasting: Ziel and Berk (2019)
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Thank You

https://www.cbergmeir.com

bergmeir@ugr.es
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